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Introduction.
Inspired by works on the Kähler-Ricci flow [TZ] , [ST1] and on regularity of complex Monge-Ampere equations [K1] , the second named author made the following conjecture: Let π : X → Y be a holomorphic mapping between compact Kähler manifolds with dimX = n ≥ m = dimY . Let ω X be a Kähler metric on X and ω Y be a Kähler metric on Y . Suppose that F ∈ L ∞ (M ) 1 and u t ∈ P SH(ω t ) (which means that the current ω t + dd c u t is weakly positive) be a solution of (0.1) (ω t + dd c u t ) n = c t t n−m F ω Then u t are uniformly bounded. Note that ω is a weakly positive (1, 1) form on X and ω t = ω + tω X are Kähler forms for any t > 0. The main purpose of this note is to affirm this conjecture under certain technical conditions on the singular set of π. We do not know if these conditions are satisfied for any holomorphic fibration as above. However, we will check that these conditions are indeed true for many holomorphic fibarions. Now let us state our conditions. Assume that for an analytic sets S ⊂ X and A ⊂ Y the form ω is non degenerate away from S ⊂ π −1 (A). Consider the stratification of A, into A 1 , A 2 , ..., A N 1 so that A 0 is the set of regular points of A, A 1 is the regular part of A \ A 0 and so on. Analogously we stratify S into S 1 , S 2 , ..., S N 2 . Let g q,j,k be a fixed local system of generators of the ideal sheaf ofĀ q in coordinate patch V j and let θ j be smooth functions on Y such that supp θ j ⊂ V j , 0 ≤ θ j ≤ 1 and the interiors V Assume that for some a ∈ (0, 1), c 0 > 0 and any fixed c ∈ (0, c 0 ) we have
Note that a bit more explicit inequality (on the same sets, with the same a, c 0 , H as in (0.2)):
The following theorem confirms the above conjecture under the assumption (0.2).
Theorem 1. Suppose that F ∈ L ∞ (M ) and the fibration π : X → Y satisfies (0.2), then the solutions u t of (0.1) are uniformly bounded.
For its application, we consider the expanding Kähler-Ricci flow on X
Let π : X → Y be a holomorphic fibration such that c 1 (X) = π * ω Y . It follows that smooth fibers of π are smooth Calabi-Yau manifolds. Let Y 0 be the denseopen subset of Y over which fibers of π are smooth, then there is an induced holomorphic map f from Y 0 into a moduli space of Calabi-Yau manifolds. This map assigns each y ∈ Y 0 to the Calabi-Yau manifold π −1 (y). By [TZ] , for any ω 0 , then (0.4) has a global solution ω(t, ·). Moreover, there is a smooth family of functions ϕ(t, ·) satisfying
It was expected (cf. [ST2] ) that ω(t, ·) converges to a generalized Kähler-Einstein metric on Y in a suitable sense as t tends to ∞. Combining estimates in [ST1] and the above theorem, we have Theorem 2. Suppose that the fibration π : X → Y has no multiple fibers and satisfies (0.2), then there is a positive current ω ∞ on Y with properties:
where ω W P denotes the Weil-Petersson metric on the moduli of Calabi-Yau manifolds.
This theorem can be proved by those estimates developed in [ST1] without using Theorem 1 if the base is 1-dimensional or X is of dimension 2. The rest of this note is organized as follows: In Section two, we give a proof of Theorem 1. In Section three, we prove Theorem 2 using Theorem 1 and results in [SZ1] and [SZ2] . In last section, we verify the assumptions (0.2) for certain holomorphic fibrations, including any fibration with 1-dimensional base and generic 3-folds with 2-dimensional base and tori as fibers.
Proof of Theorem 1.
Proof. In what follows C denotes different positive constants independent of t. Note that
as above there exists c 1 > 0 such that for all c ∈ (0, c 1 ), a ∈ (0, 1), and
we have
Since θ j are smooth the first sum exceeds − 1 2c ω Y (in the sense of currents) for c small enough. All terms in the second sum are positive. On V ′ j we have θ j = 1, the form ∂θ j vanishes, and thus we obtain (1.1).
We apply Lemma 1 also on X for
and fix c > 0 so that (1.1) holds for ψ a and the corresponding inequality on X is true forψ a . Define
By (1.1)
By the Calabi-Yau theorem [Y] and its non smooth version [K1] it is no loss of generality to assume that F and u t are smooth (provided that a priori estimates do not depend on derivatives of u t and F ) . We treat two cases separately: CASE 1. There exist ǫ > 0 and δ > 0 such that for any t ∈ (0, 1) and any
where U (t, s) = {u t < ϕ t + s t + s}, s t = inf(u t − ϕ t ), U (t, s, ǫ) = U (t, s) \S ǫ .
We seek for a uniform bound on s t . For s ∈ (0, −s t ] define
It is enough to find a bound for Φ t (s) since
First we show that
On the set X \ S ǫ we have
Hence if t n−m F ω n X = f t ω n t then f t ≤ CF on this set. Since u t is smooth and ϕ t is smooth on X \ S ǫ we have for ζ ∈ X \ S ǫ , where u t − ϕ t attains its minimum, D 2 (u t − ϕ t )(ζ) ≥ 0 and so, having ϕ t in P SH(
Therefore, interpreting this inequality in local coordinates diagonalizing ω t (ζ) we get
Now, in geodesic coordinates around ζ, consider (for s close to 0) the maximal ball B(ζ, r(s)) contained in U (t, s) . By the estimate on D 2 (u t − ϕ t )(ζ) and the Taylor expansion for z ∈ ∂B(ζ, r(s)) ∩ ∂U (t, s)
and Φ t (s) ≤ C for s close to zero.
Having (1.4) it is enough to find a uniform bound for Φ t (a t ) = max Φ t . For such a t we have (1.6)
Using Stokes' theorem we get
Integrating by parts, applying (1.3) and the above inequality one arrives at
From (1.5) it follows that for any (1,0) form γ iγ ∧γ ∧ ω
. By this and the previous inequality one obtains
Thus, by the assumption of Case 1,
We cover X \ S 2ǫ by a finite number of unit cubes (in local coordinates) W j , j = 1, 2, ..., N 0 such that W j ∩ S ǫ = ∅. For one of them, say W 1 , we have (1.8)
) and let π j denote the projection
By an isoperimetric inequality from [LW] there is j (and we take j = 1) such that
where V k denotes Euclidean volume in R k . We shall prove our estimate in two subcases separately.
Observe that for y ∈ π 1 (Ω 2 ) \ G we have π
Applying the assumption of Case 1, (1.6), (1.8), (1.9) and the last inequality one obtains
So V 2n (Ω 1 ) ≥ C which, via (1.6), gives a lower bound for U(t,a t /2) ω n X . Therefore
On the other hand, since max u t = 0 there exists (by the standard Green function argument) a constant C 0 such that
for all t ∈ (0, 1). Combining the last two inequalities we obtain a uniform bound for |s t | and further Φ t (a t ) ≤ C.
Case 1B. Now (1.10) y) ∈ Ω 1 }, and observe that for y ∈ G the set G(y) × {y} contains an open interval in Ω 1 joining points from Ω 2 and ∂Ω 1 . Then the integral of |
| over this interval exceeds a t /2. We use this fact and the Schwarz inequality to justify the fourth in the following chain of inequalities. The first one follows from (1.7), the third one from Fubini's theorem, the fifth from the Schwarz inequality, the sixth from (1.9), (1.10), the seventh from (1.6), (1.8) and the assumption of Case 1 , and the last one again from the assumption of Case 1.
which finishes the proof of Case 1. Note that the bound of Φ t does not depend on derivatives of u t and so the additional assumption that u t be smooth may be dropped.
CASE 2. If the assumption of Case 1 is not satisfied then for any ǫ > 0 and δ > 0 there exist sequences t(j) → 0 and s(j) ∈ (0, −s t ) (those sequences depend on ǫ and δ which is omitted in the notation) such that (1.11)
From now on we consider only t = t(j) and s = s(j) which occur in (1.11).
By the assumption (0.2), (1.1) and (1.3) we have the following estimates of currents on the set U
(1.12)
Using this and the comparison principle [K2] one obtains
Combine it with (1.11) to arrive at
which contradicts the assumption lim ǫ→0 H(ǫ) = ∞ for small ǫ. Thus Case 2 never occurs.
Proof of Theorem 2.
We adopt notations in the introduction. First observe that ω(t, ·) = e −t ω 0 + (1 − e −t )π * ω Y + i∂∂ϕ(t, ·).
Denote by ω t the Kähler form e −t ω 0 +(1−e −t )π * ω Y . Adding appropriate constants to ϕ(t, ·), one can show ∂ϕ ∂t = log e (n−m)t (ω t + i∂∂ϕ)
n Ω − ϕ, ϕ(0, ·) = 0,
where Ω is a volume form on X determined by Ric (Ω) = −π * ω Y . Then there is a constant c such that Clearly, F is uniformly bounded, so we can apply Theorem 1 to conclude that ψ is uniformly bounded, so does ϕ. The rest of the proof is exactly the same as that in [ST1] since all other estimates there are dimension free (also see [ST2] ). This finishes the proof of Theorem 2.
